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1. Linear and quadratic Stark effect (2.5 points)

We focus on the two energetically lowest eigenstates |1〉 und |2〉 of the double-well potential
of exercise 2c) sheet 3:

〈
x
∣∣∣ Ĥ0

∣∣∣x〉 = H0(x) = − ~2

2m
∂2x + V (x) mit V (x) =

{
∞ |x| > b

v0δ(x) |x| ≤ b.

In position representation these states are given by

ψi(x) ≡ 〈x|i〉 =


Ai sin(ki[b+ x]) −b < x < 0

Bi sin(ki[b− x]) 0 ≤ x < b

0 otherwise

with A1 = B1 and A2 = −B2. (Here, it is not necessary to calculate the constant wave
numbers k1 and k2.)

(a) [0.5 points] Determine the coefficients Ai by the normalization condition 〈i|i〉 = 1 for
i = 1, 2.

(b) [1 point] Now we consider an applied electric field ~E = E êx. The Hamiltonian is given
by

〈x|Ĥ|x〉 = H(x) = H0(x) + qEx. (1)

Calculate the matrix elements hij = 〈i|Ĥ|j〉 , i, j = 1, 2 and show that in the basis

|1〉 =

(
1
0

)
, |2〉 =

(
0
1

)
(2)

the Hamiltonian can be written as

Ĥ =

(
E1 d E
d∗ E E2

)
. (3)

Hints:

• Use that ψ1,2(x) are eigenfunctions of H0(x) with eigenvalues E1,2.

• It is not necessary to evaluate the integral
∫ b
0

sin(k1x) sin(k2x)xdx. Replace it by a
constant C(k1, k2).

(c) [1 point] Calculate the eigenvalues and (unnormalized) eigenvectors of Ĥ.

Evaluate the eigenvalues in the limit of:

(i) weak field |d|E � E2 − E1 [Hint:
√

1 + x = 1 + x
2 + · · · ],

(ii) strong field |d|E � E2 − E1.



2. Functions of operators (2.5 points)

(a) [0.5 points] Calculate eσ̂z , with σ̂z =

(
1 0
0 −1

)
(b) [1 point] Show that in case of a time-independent operator Â

d

dt
eÂt = ÂeÂt = eÂtÂ.

Additionally calculate
d

dt

(
eÂteB̂t

)
, with Â and B̂ beeing time-independent.

(c) [1 point] Show that for an arbitrary time-dependent operator Â(t) in general

d

dt
eÂ(t) 6= dÂ(t)

dt
eÂ(t). (4)

Which is the condition for both sides of Eq. 4 to be equal?

3. Hermitian conjugates and commutator algebra (3 points)

(a) [0.5 points] Calculate the Hermitian adjoint of X̂P̂x and i[X̂2, P̂x].

(b) [1 point] Given that Ĝ is Hermitian, show that for F̂ = eiĜ the relation F̂ † = F̂−1 holds.

(c) [0.5 points] Show that [ÂB̂, Ĉ] = Â[B̂, Ĉ] + [Â, Ĉ]B̂.

(d) [1 point] Prove, that in case [[A,B], A] = 0 the relation [Ân, B̂] = nÂn−1[Â, B̂] is true
(n ∈ N).
With that, calculate [P̂ , X̂n].

4. Position and momentum representation (2 points)

Starting in momemtum representation

P̂ |p〉 = p |p〉 with up(x) ≡ 〈x|p〉 =
1√
2π~

eipx/~, (5)

show that in position representation the momentum operator P̂ can be written as

〈x|P̂ |ψ〉 =
~
i

∂

∂x
ψ(x).
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